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OPERATOR POSITIVITY AND ANALYTIC MODELS OF COMMUTING 

TUPLES OF OPERATORS 

MONOJIT BHATTACHARJEE AND JAYDEB SARKAR 


Abstract. We study analytic models of operators of class C.q with natural positivity as¬ 
sumptions. In particular, we prove that for an m-hypercontraction T G C.q on a Hilbert 
space there exists two Hilbert spaces S and U and a partially isometric multiplier 
9 G ), A^(U)) such that 

n^Qe=Al{£,)e9H^i£), and T Pq^M,\q^, 

where is the U-valued weighted Bergman space and H^{£) is the Uvalued Hardy 

space over the unit disc D. We then proceed to study and develop analytic models for doubly 
commuting n-tuples of operators and investigate their applications to joint shift co-invariant 
subspaces of reproducing kernel Hilbert spaces over polydisc. In particular, we completely 
analyze doubly commuting quotient modules of a large class of reproducing kernel Hilbert 
modules, in the sense of Arazy and Englis, over the unit polydisc D". 


Notation 

N Set of all natural numbers including 0. 

n Natural number n > 2. 

N” {k = {ki,... ,kn) : ki eN,i = 1,... ,n}. 

z {zi, ...,Zn)e C"-. 

lyk ykn 

T n-tuple of commuting operators (Ti,..., T„). 

rjpk rpkl _ _ _ rpkn 

D” Open unit polydisc {z : \zi\ < 1}. 

For a closed subspace 5 of a Hilbert space "H, we denote by Ps the orthogonal projection 
of "H onto S. We shall denote the space of all bounded linear operators on "H by 

1. Introduction 

The Sz.-Nagy and Foias analytic model theory for contractions on Hilbert spaces is a 
powerful tool for studying operators on Hilbert spaces and holomorphic function spaces on 
the open unit disc D in C. It says that if T is a contraction (that is, I — TT* > 0) on a 
Hilbert space and in C.q class (that is, T*^ —)■ 0 as / —)■ oo in strong operator topology) then T* 
is unitarily equivalent to the restriction of the backward shift M* on a vector-valued Hardy 
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space to a M*-invariant subspace. More precisely, there exists a coefficient Hilbert space 
and a M*-invariant closed subspace Q of £^*-valued Hardy space such that 

T^PqM,\q. 

Moreover, there exists a Hilbert space S and a B{S, £^*)-valued inner multiplier 9t G 
also known as the characteristic function of T (see [13]), such that 

Q = H\S,)/eTH\S). 

In [1], Agler introduced and studied the theory hypercontraction operators from operator 
positivity point of view. He showed that the vector-valued Hardy space in the dilation space of 
a contraction can be replaced by a vector-valued weighted Bergman space if the contractivity 
assumption on the operator is replaced by a weighted Bergman type positivity. Later, Muller 
and Vasilescu [12], Curto and Vasilescu [11], Ambrozie and Timotin [3, 4], Arazy, Englis and 
Muller [2] and Arazy and Englis [5] extended these ideas to a more general class of operators. 
This viewpoint has proved to be extremely fruitful in studying commuting tuples of operators. 

The purpose of this paper is to explore how one might do analytic model theory for a 
general class of operators and commuting tuples of operators. In particular, we associate a 
partially isometric multiplier with every operator satisfying weighted Bergman-type positivity 
condition (see Theorem 2.4). Another basic result in this direction is the following analytic 
model; Let T = (Ti,..., T„) be a doubly commuting tuple of pure operators on a Hilbert space 
H (that is, Ti G C.q, TiTj = TjTi and TpT* = T*Tp for all i, j = 1,... , n, and 1 < p < g < n). 
Then (T*,..., T*) is joint unitarily equivalent to the restriction of (M*^,..., M*^) to a joint 
invariant subspace of a vector-valued weighted Bergman space if and only if T satishes (joint) 
weighted Bergman type positivity. Moreover, in this case, the orthocomplement of the co¬ 
invariant subspace of the weighted Bergman space is of “Beurling-lax-Halmos” type (see 
Theorems 4.5). 

Although our method works for more general cases (see Section 7), for simplicity we will 
restrict our discussion to hypercontractions (see Section 2). 

Here is a brief description of the paper. In Section 2 we set up notations, recall some 
basic notions from the theory of hypercontractions and construct an analytic structure on 
the model space. Our main tool here is the Agler dilation theorem for hypercontractions 
[1] combined with a Beurling-Lax-Halmos type representations of shift invariant subspaces of 
analytic reproducing kernel Hilbert spaces ([8], [15]). In Section 3 we discuss a dilation theory 
for a class of doubly commuting operator tuples satisfying weighted Bergman type positivity 
condition. In Section 4 we formulate a version of Sz.-Nagy and Foias analytic model for 
doubly commuting tuple of hypercontractions. In Section 5, we analyze doubly commuting 
quotient modules of scalar valued weighted Bergman space. Finally in section 6 we study 
A'-contractive tuples of operators in the spirit of Arazy and Englis [5]. 

2. Functional Models for Hypercontractions 

The main purpose of this section is to study and to develop an analytic functional model 
for the class of hypercontractions on Hilbert spaces. 
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We first recall the definition of weighted Bergman spaces and review the construction of 
the dilation maps for hypercontractions. We refer the reader to Agler’s paper [1] for more 
details. 

The weighted Bergman kernel on the open unit disc D with weight a > 0 is, by dehnition, 
the kernel function: 

Ba{z, tc) = (1 — zw)~^ {z, tc G D). 

For each a > 0, we let denote the weighted Bergman space corresponding to the kernel 
Ba- For any Hilbert space T, the T-valued weighted Bergman space with reproducing 

kernel {z,w) G D x D i—)■ Ba{z,w)Is can canonically be identihed with the Hilbert space 
tensor product In order to simplify notation, we often identify with It 

also follows that {Ba{-,w)7] : tc G D, 77 G T} is a total set in A‘^{S) and (/, Ba{-, w)ri) aks) = 
{fiw):V)e where / G Al{8), tc G D and 77 G T. Moreover, it is easy to see that the shift 
operator on a > 1, is a C.o-contraction where 

{MJ){w) = wf{w) {f e Al{£),w eB). 

In the following discussion, we shall mostly use weighted Bergman spaces with only integer 
weights. Let us point out an important special case: A‘1 = H^, the Hardy space over D. 

For a multi-index m = (mi,..., m„) G N” we denote the corresponding weighted Bergman 
space on D"" by A^. The weighted Bergman kernel on D” with weight m is, by dehnition, 
the reproducing kernel function 

n n 

Bm{z,w) = Y[BmXzi,Wi) = JJ(1 - {z,w G D”). 

i=l i=l 

For each w G D”, we denote by B^{a w) the kernel function at w, where 

{Bm{-, w)){z) = Bm{z, w) {z G O’"). 

Convention: Let p(z, w) = qeN" cipgZ^w"^ be a polynomial in {zi ,..., Zn} and {tci,..., Wn}- 
For a commuting tuple of bounded linear operators T = (Ti,... ,T„) on a Hilbert space Ti 
(that is, TiTj = TjTi for all i,j = 1,... ,n) we denote by p{z,w)(T,T*) the corresponding 
hereditary functional calculus in the sense of Agler [1], that is, 

(2.1) p( 2 ,w)(r,T-)= ^ ap,T»r“>, 

where and T*'^ = for all A; = {ki,..., kn) G N"^. 

Definition 2.1. A bounded linear operator T on Ti is said to be Bm-contraetive (or T is a 
Bm-contraction) ifT is in C.q class and 

m 

B-'(z,w){T,T-) = 

k=0 

m ^ X 

= V(-1)M 7 > 0. 

fc =0 
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We also recall that T G is a hypercontraction of order m [1] if 

holds for all 1 < p < m. 

Now let T be a i?m-contraction on Ti. Since T G C.q, it follows from Lemma 2.11 in [1] 
that 

>0 

that is, T is a hypercontraction of order m. In other wards, these two notions coincide for 
C.Q class of operators and hence, we will restrict our considerations for i?m-contractions. 

The defect operator and the defect space of a i?m-contraction T G B{'H) are defined by 

(2.2) Djn,T = , 'Dm,T =f^Dm,T, 

respectively. Let us set 

(2.3) BUz,T) = {In-zT*)-^ {zeB), 
and 

iv^,Tf)iz) = D^^TBUz,T)f = - zT*)-^f (f e z E D). 

Then Vm,T ■ B —)■ A^{Vm,T) is a bounded linear operator, 

Vm,TT* = 

and 

^m,T(^Bm{-,w)r]^ = Bm{w,TyDra,Th = “ wT)~"^Dm,TV, 

for all ta G D and p G T>m,T- This and the dehnition of Vm,T together imply 

(2.4) (^Vm,TVyTiBm{-,w)p)Yz) = Dm,TBm{z,T)Bm{w,T)*Dm,TV {z G D), 

for all tc G D and p G 'Dm,T- Furthermore, if T is a i?m-contraction then Vm,T is an isometry 
and hence a dilation of T (see Agler [1]). 

Theorem 2.2. (Agler ) Let T g B{'H) be a B^-contraction. Then T = PqMJ^q, for some 
Mf-invariant closed subspace Q of A‘y{'Dm,T)- 

We shall now introduce the notion of multipliers on weighted Bergman spaces. Let mi, m 2 
be two natural numbers and 81,82 be two Hilbert spaces. An operator valued holomorphic 
map ©:©—)■ B{ 8 i, 82 ) is said to be a multiplier from Af^y 8 i) to ^^^(£ 2 ) if ©/ E 888 ^^ 82 ) 
for all / G Ayy8i). We denote the set of all multipliers from A^^(Ti) to ^^^(£^ 2 ) by 
M(A‘yy8i),Ayy82)). We also use the notation Me, for each 0 G A4(A^^(£^i), ^^^(^ 2 )), 
to denote the multiplication operator 

Me/ = 0/ {fEAly8 i)). 

A multiplier 0 G A4(A^^(£^i), ^^^(£^ 2 )) is said to be a partially isometric multiplier if Mq is 
a partially isometric operator from A^^(Ti) to A‘yy82). 
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Before proceeding, let us for the sake of completeness recall a Beurling-Lax-Halmos type 
theorem for weighted Bergman shifts (see [8] and Theorem 2.3 in [15]) upon which much of 
our discussion in this paper will rest. 

Theorem 2.3. Let S be a non-trivial elosed subspaee of Then S is Mz-invariant if 

and only if there exists a Hilbert space £ and a partially isometric multiplier 9 G j\4(Al(£), A‘^{£^,)) 
such that S = 6Af{£). 

We are now ready to present a functional model for the class of i?m-contractions. 

Theorem 2.4. Let T g B{Ti) be a Bm-contraction. Then there exists a Hilbert space £ and 
a partially isometric multipliers G such that 

T = PQf,Mz\Qg, 

where Qq = © 9A\{£). 

Proof. At first, by virtue of Theorem 2.2, we realize T a.s T = PqMz\q. Therefore, it 
only remains to prove the existence of a partially isometric multiplier 6 such that Q = 

Al(v„meeAU£). 

Note that since Q = ran is M*-invariant, (ran is a M^-invariant closed subspace 

of A‘^{Vm,T)- Then, applying Theorem 2.3 to (ran we obtain a coefficient Hilbert 

space £ and a partially isometric multiplier 9 G Ai{Al{£), A'^(Vm,T)) such that 

(ran Vm,T)^ = 9Al{£), 

that is, 

Q = Al{V^,T)e9Al{£). 

This completes the proof. ■ 

The following observation was pointed out to us by R. G. Douglas: Let T G H('H) be a 
Rm-contraction. Then by Theorem 2.4, we have 

H\£) ^ aHv^^t) ^n-^0, 

where tt = (recall that A?(T) = H‘^{£)). Note that since MqMz = MzMq, S := kerMg 
is a M^-invariant subspace of H^{£). Then by Beurling-Lax-Halmos theorem there exists a 
Hilbert space T* and an inner (or isometric) multiplier tjj G £-)(®) such that S = 'ipH^{£^). 
Consequently, we have a natural chain complex of Hilbert spaces: 

0 ^ H\£,) ^ H\£) ^ AHV^^t) ^n-^0. 

3. Dilations of commuting hypercontractions 

In this section, we give a proof of the fact that a doubly commuting tuple of hypercontrac¬ 
tions can be dilated to the tuple of multiplication operators on a suitable weighted Bergman 
space over (see [2, 3, 4, 5]). We begin with a dehnition. 
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Definition 3.1. A commuting tuple of operators T = (Ti,... ,T„) on Ti is said to be Bm- 
contractive ifTi is a Brarcontraction, i = 1 ,... ,n, and 

n 

i=l 

We denote the (joint-)defect operator and defect space of a Bm-contraction T as: 

Dm,T ■= {Bf^{z,w){T,T*))^, and 'Dm,T = rmiDm,T, 


respectively. 


For the rest of the paper we shall be dealing with a fixed natural number n>2, and a multi-index 

m = (mi, ..., m„) G N”, m^ > 1, j = 1,..., n. 

Let T be a doubly commuting i?jj^-contractive tuple on j-L. Then 


T,(B-pz,w)(Tj,T-)) = (B-](z,w)(T„T‘))T„ 
for all i ^ j. This also implies that 


Brui (zi, Wi){Ti, T*)j \^B^. {zj,Wj){Tj, T*)j = \^B^^ {zj, Wj){Tj, T*)j \^B^. {zi, Wi){Ti, T^ 
The above observations yield the following: 


Lemma 3.2. Let T he an n-tuple of doubly commuting operators on j-L and each Ti is a 
Bmi-contraction, i = 1,... ,n. Then is a Ti-reducing subspace ofTL and 

for all i ^ j■ Moreover, T is a B^-contraction and 


D 


m,T — 


i=l 


Now, we shall construct, using induction, a dilation map for a doubly commuting B^- 
contractive tuple T on "H. 

In what follows, for each j G {2, ... ,n}, rrij denotes the j-tuple (mi,... , mj ) G and 
Tj the doubly commuting B ^ j - contraction (Ti, ... , Tj ) on B . For each j G {2,... ,n}, one 
checks easily that is a T^-reducing closed subspace of B and 


DtzI 


— Dt 






and 


TtzI 


= V. 






where = V^uTi- Now we set Vj := : B -)■ A^^(T>mi,Ti) and dehne 

V 2 ■= .Ta = ^m2(^rn2,T2), 

where -t ^m 2 '^^m 2 ,r 2 is the dilation of G It follows 

that, for all / G N, h G 


V2{z^h)]{zi, Z2) = z[{Vm2,T2h){z2)- 
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Continuing this way, one can construct n bounded linear operators defined by 


where 


(yAA" ■ • • zf-ih)) (^ 1 , • • •, ^i) = zA ■ ■ ■ h){zj), 


for all h G and j = 2,...,n. Consequently, we have the following sequence of 

maps: 

0 ^ « JL AI^{V„,t,) ... -2^ Al,{V,„,r). 

Let us denote by Vt the compositions of 

(3.2) VT:=VnO---oV2oVi:'H^ 

Then Vt G B{'H, A‘^{Vm,T)) is an isometric dilation of T: 

Theorem 3.3. Let T be a doubly commuting Bm- contractive tuple on Ti. Then Vt is an 
isometry and 


(WAiz) = (nr>m.,T.B™.O.r.))ft 


(fteW.zeD”). 


Moreover, VtT* = M^Vt, i = 1,... ,n, and for each in G and rj G 'Dm,T, 

n 

({VTVf){Bm{;w)p)yz) = l[D,^^^T.B,^^{zi,T,)B^^{w„T,yD^^^T,V- (z e ©") 

i=l 

Proof. Clearly VfVi = and for each j = 2,..., n, we have 








from which we immediately deduce V*Vj = Ia^. ^ t- i)> finally VffVT = ly.- Now 

by (3.1), we have 

VTh = Vn--- V2{V^h) = K • ■ • C3(C2Z1™„Ti5„,(;7i, Ti)h) 

= 14 • ■ • VyDm2,T2Bm2{z2i T2)Dmi,TiBmi {zi,Ti)h) 

14 ■ ■ ■ 14(D^j^ D^2,T 2 Bmi (^1) B\)B ^2 (2^2) ^2)^)) 
for all h G "H. Continuing this way we have 


(yTh){z) — Y\_B>miAiBmi{zi,Ti)h (h G "H, z G 


This and a direct computation (or see [2] or [11]) readily implies the intertwining property of 
Vt and 

n 

Vff{Bm{,-,w)p) = '^Bmi{Wi,TiY DmuTiV {w G D”, G Vm,T)- 

i=l 

which in turn yields the last part of the theorem. This completes the proof. ■ 
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The above theorem is a doubly commuting version and a particular case of Theorem 3.16 
in [11] by Curto and Vasilescu and Corollary 16 in [2] by Ambrozie, Englis and Muller (see 
also [9]). However, the present approach is based on the idea of “simple tensor products of 
one variable dilation maps”. Moreover, our construction of explicit dilation map is especially 
useful in analytic model theory (see Section 4). 

Recall that a pair of commuting tuples T = (Ti,, Tn) on "H and S = (Ai,..., Sn) on 
/C is said to be jointly unitarily equivalent, also denoted by T = S', if there exists a unitary 
map U ■. T-L ^ K, such that UTi = SiU, i = 1,... ,n. The following dilation result is an easy 
consequence of Theorem 3.3. 

Theorem 3.4. Let T be a doubly commuting Bm- contractive tuple on Ti. Then there exists 
a joint (M*^,..., M*^)-invariant closed subspace Q C A^iVx)^ such that 

(Ti,.. .,Tn) = (PqM^Jq, ..., PqMzJq). 

Proof. Let Q = ran Vr, where Vr is the dilation map of T as in Theorem 3.3. Then Q is a 
joint (M*^,..., M*^)-invariant subspace of A^('H) and Ut ■= Vt ■ TL Q is a unitary map. 
Moreover, 


UtT; = VtT; = M:Vt = M:VtV*Vt = {MI^\q)Vt = {M:^\q)Ut^ 
for all j = 1,..., n. Hence 

UrTj = PqMz.\qUt (j = l,...,n). 

This completes the proof of the theorem. 


4. Analytic model 

We begin with the following lemma, the relevance of which to our purpose will become 
apparent in connection with the analytic model of doubly commuting tuples of operators. 


Lemma 4.1. Let T be a doubly commuting Bm-contractive tuple on TL and 1 < j < n. Then 
AUV.„.t) C AUV„.t,) and is a reducing subspace for 

n 

i=l 

Proof. The first part follows from the fact that Prn,T ^ Pm ,t - For the second part, it is 
enough to prove that Xj{Bm{-, w)rj) G A‘^{Vm,T) where w G D"", rj G Vm^T and 


X, 
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To this end, for each Zj,Wj G ©, we compute 


{Zj, Tj)Bmj {Wj, Tj)*Dmj,Tj ^ 

i=l 

n 

= {Zj, Tj)Bmj {Wj, Tj) ^ 

i=l 

n 

= Dfnj ,Tj f Djni ,Ti ^ B^j {Zj, Tj ) B^. [Wj, Tj ) D^, g 


2=1 


Dmi,T^Bmj {Zj, Tj)Bmj {Wj, Tj) . 


2=1 


In particular, we have 


(^T>mj,TjBmj{Zj,Tj)Bmj{Wj,Tj)*Dmj,Tj^'T>m,T ^ ^^m,T ^ ®)- 

If e ©”, ?7 = nr=i B>mi,Tih e Vm,T and heH, then (2.4) gives 

n 

Xj{Bm{-,w)ri) = [^Bmk{Zk,Wk)^(pmj^TjBm^{Zj,Tj)Bm^{Wj,TjyDm^^TjV) ^ 

k=l 

This proves the desired claim, and the result follows. 

Therefore, Rj G B{A^{T)m^T))■, 3 = where 


.,TJ- 


n 


2 = 1 


By virtue of (2.4) we have in particular for w G D"", r] G T>m,T, and for j = 1,..., n: 


(4.1) Rj{Bm{-,w)r]) = (n Bmii^Zi, Wi)''\ (T)jyij 'j'^B^j(^Zj,Tj)BjYiywj,Tj) D^ji^ 


i=l 


Claim: {Ri, ..., Rn} is a family of commuting orthogonal projections. 

Proof of the claim: Since Vm ,t is an isometry, we deduce from the dehnition of Rj that 
Rj = R*j = R^j, 1 < j < n, that is, {Rj})-^^ is a family of orthogonal projections. Now let 
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p,q EN, p q, w and p E 'Pm,T- Using (4.1), we obtain 

n 


i=l 

i^q 


y Brrii {Zi, Wi) {Dmp,TpBmp {Zp, Tp^B^p {Wp, Tp) Dpap^Tp 


i=l 

i¥^p,q 

{D^^^TqB^^{Zq, Tq)B^^ {Wq, Tq)*D^^^TqV) 

n 

~ y Bmi{Zi-,Wi){Dmp,TpDmq,TqBpnp[Zp,Tp)Bpnq[Zq,Tq) 

i=l 

i¥=p,g 

Brn^{Wp,TpyBrn,{Wq,Tg)W^^^^^ 

Rq Rp ( -Bttt, (‘, U) ) ^ 7 ). 

Therefore RpRq = RqRp for all p, g = 1,..., n. The proof of the claim is now complete. 

We turn now to investigate the product 11^=1 Bj. For sake of computational simplicity, let 
us assume, for each i = 1,..., n, 

fi{z,w) := Bmi{z,Ti)Bmi{w,Ti)* {z,w E ©). 

For each w E D"" and p E 'Dm,T, we have 


m{-,w)p) = n Rj (RiBm{', w)p 


i=i 


i=i 

i¥i 


n^(n mi ,Ti mi,TiV 


7 = 1 2=1 

j^i *?^i 


n«4 n B^.{-,Wi)Dmi^Ti Dm2 ,T2 /l ( •, ) /2 ( •, W2 ) F*™! ,Ti Dm^ .Tj P 




j=l 2=1 

J7^1,2 

Continuing this way we have 

n n 

([\Rj){Bm{,-,w)p) = WDmuTj{,-,Wi)Dmi,Ti = 

j=l i=l 

and hence Theorem 3.3 yields VrV^ = 11^=1 Summing up, we obtain the following: 

Theorem 4.2. Let T be a doubly commuting Bm-contractive tuple on R. Then {Ri\'^^i is a 
family of commuting orthogonal projections and 


DmuT.Bmi (•, Ti)Bmi{Wi, Ti)*D. 


2=1 


VtV* = \[R,. 
2=1 
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We need to introduce one more notion. For m G and for each j = 1,..., n, set 

rhj := (mi, ... .mj+i,.. .,mn). 


In particular, 


Ai, = A, 


mi 


j-th 


A^ ® (g) A^ 

mj-i 'O' ^ 


A? 


Now let T be a doubly commuting i?j„-contractive tuple on Ti and 1 < j < n. Then 


rani?j = 


2=1 


n 


2=1 


A: 


rui 


2=1 


2.0 


where Qj = ran(t;m-T t ) But T '^m t) M*-invariant sub- 

space of Al^.{Vmj,Tj)) hence Qj is an M*-invariant closed subspace of A^.{Vm,T)- By 
Theorem 2.3 there exists an auxiliary Hilbert space 8 j and a partially isometric multiplier 
9j e M{A\{ 8 j), Al^.{Vm,T)) such that 

Rj = 

where 


(4.2) 


Me, = 


2=1 




Notice that 0j G M.{A^^{ 8 j), A^iV^^i)) is a partially isometric multiplier and 

0^(2) = Oj^Zj) (z G D*^). 

This and Theorem 4.2 yields the following: 


Theorem 4.3. Let T be a doubly commuting Bm-contractive tuple on "H. Then there ex¬ 
ists Hilbert spaces 8k and partially isometric multipliers 6k G M.[A\{8k), k = 

1,..., n, such that 

(A/e.A/S,)(Me,Me,) = (Me,M^j(Me,M^:), 
for all i,j,k = 1,..., n. Moreover 

n 

VrVi = n(Ti.(i.„,ri - 

2=1 

In order to formulate our functional model for i?^J^-contractive tuples, we need to recall the 
following result concerning commuting orthogonal projections (cf. Lemma 1.5 in [14]): 

Lemma 4.4. Let {PiljLi be a collection of commuting orthogonal projections on a Hilbert 
space Ti. Then C := X)r=i 'canPi is closed and the orthogonal projection ofH onto C is given 

byPc = i-X\:'Ui-L). 
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We are now ready to present the main theorem of this section. 

Theorem 4.5. Let T be a doubly commuting B^-contractive tuple on Ti. Then there exists 
Hilbert spaces Sk and partial isometric multipliers 9k G Ai{Al{Sk), /c = 1,..., n, 

such that 

n 

n = Qe:= 

i=l 

and 

(Ti,... ,T„) = ..., PqqM;:Jqq), 

where 0j is the one variable multiplier corresponding to 9i, i = 1,... ,n, as defined in (4-2). 

Proof. We continue with the notation of Theorem 4.3. Set Pi := i = 1,... ,n. By 

virtue of Theorem 4.3 we have 

n 

i=l 

Now by Lemma 4.4, it follows that 

n n 

(ranl/r)^ = ^ranM©. = 

i=\ i=\ 

Therefore, 

n n 

Qe := vmiVr = ( eiAl^Xi)) = A^Vv^A! E 

i=l i=l 

Now using the line of argument from the proof of Theorem 3.4 one can prove that (Ti,..., T„) = 
(PqqMziIqq, • • •) PqbMzJqq)- This concludes the proof. ■ 

In the special case that m = (!,...,!) we recover the functional model for doubly com¬ 
muting tuples of pure contractions [9]. Moreover, the methods used here are different from 
those used in [9]. 

5. Quotient modules of 

We have a particular interest in tuples of operators , Mz„) compressed to joint 

(M*^,..., M*^)-invariant subspaces of reproducing kernel Hilbert spaces over Let Q be a 
joint (M*^,..., M*^)-invariant closed subspace of and = PqMz^q, i = I, ■ ■ ■ ,n. Then 
Q is called a doubly commuting quotient module of if 

c:w,, -C*.w; = 0 (l<^<j<n). 

First, we compute the defect operator of a given doubly commuting quotient module Q of 

Al.-- 

n n 

D'L.c. = n^d(^..“'.)(c..c:) = Pe(n^^d(Au.Aq))ie- 

i=l i=l 
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On the other hand, it is easy to see that (cf. Theorem 3.3 in [10]) 


di.m .= jc.) = Pc, 


2 = 1 


2=1 


where Pc is the orthogonal projection of onto the one dimensional subspace of all constant 
functions. Consequently, = PqPc\q, and hence 


(5.1) 


rankZl^^c. < 1- 


Theorem 5.1. Let Q be a quotient module of A^. Then the following eonditions are equiv¬ 
alent: 

(i) Q is doubly commuting. 

(a) There exists Mf-invariant closed subspace Qi of A^., i = 1,... ,n, such that 

Q = Qi ® ® Qn- 

(Hi) There exists Hilbert spaces Si and partially isometric multipliers 9i G M.[Ai{Si), Af^f), 
i = 1 ,... ,n, such that 

Q= Qe,®---®Qe^, 

where Qe^ = Af^JQ^Ax{Sj), j = 1,... ,n. 

Proof. Let us begin by observing that the representation of i = l,...,n, on Q = 
Qi <8) • • • <8) Qn is given by 

Czi = Pq{.IaI,^ ®---® ®Mz® ® • • • 0 /qJIq 

= /qi 0 • • • 0 0 PQ^Mz\Q^ 0 /Qi+i 0 • • • 0 Iq^. 

This yields {ii) {i) and {Hi) {i). The implication {ii) {Hi) follows from Theorem 
2.3 and {Hi) {ii) is trivial. Hence it suffices to show (i) ^ {Hi). Assume (i). Then by 
Theorem 4.5, there exists Hilbert spaces Si and one variable partially isometric multipliers 
0j G M{A‘)^,{Si),Al^{Vm,cJ), i = l,...,n, such that 

... ,CzJ on Q = (PqqM^jIqq, ... ,PqqMzJqq) on Qe, 

and 

n 

Qe = ^L(®m,c.)/^eT^.(£i). 

2=1 

Now by virtue of (5.1) we have Pm,Cz — {0}) order to avoid trivial considerations 

we assume that 'Dm,Cz — Then 

n 

a = Qe = Ai,/Y,e>.A%,SP.), 

2=1 

In particular, 

n n 

Peo = HfLs. - Me.Me.) = 0(/4^, - Afc.MJ), 

2=1 2=1 

which implies Q = Qq = 0 • • • 0 Qo^ and concludes the proof. ■ 
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The implication [i) [ii) in previous theorem was obtained in [10]. For the Hardy space 
case that is, for the case m = (1,..., 1), this was observed in [9] and [14], Moreover, 

as we shall see in the next section, the same result holds for more general reproducing kernel 
Hilbert spaces over D"". 


6. ^--CALCULUS AND iF-CONTRACTIVITY 

K 

The key concept in our approach is the natural connections between (i) operator positivity, 
implemented by the inverse of a positive dehnite kernel function on D, and a dilation map, 
again in terms of the kernel function, (ii) tensor product structure of reproducing kernel 
Hilbert spaces on D”, and (hi) operator positivity, implemented by the product of n positive 
dehnite kernel functions on D, of doubly commuting n tuple of operators. Consequently, our 
considerations can be applied even for a more general framework (in the sense of Arazy and 
Englis [5]). 

Let /c be a positive dehnite kernel function on D and that k{z,w) is holomorphic in 2 ; 
and anti-holomorphic in w, and k{z,w) 7 ^ 0 for all z,w E 3. Let TZk C C)(D, C) be the 
corresponding reproducing kernel Hilbert space. Moreover, let 

(i) C[z] is dense in TZk, 

(ii) the multiplication operator on TZk is a contraction, 

(iii) there exists a sequence of polynomials G C[ 2 :,tc] such that 

1 

Pk{z, w) —^ —--, {z, w e D) 

K[Z^ tv ] 

and 

sup \\pk{M^,M*)\\ < 00 . 

k 

We will call such a reproducing kernel Hilbert space a standard reproducing kernel Hilbert 
space, or, just SRKH for short. 

Let TZk be a SRKH and, by virtue of condition (i) in the above dehnition, let C C)^:] 

be an orthonormal basis of TZk- For any nonnegative operator C and a bounded linear operator 
T on a Hilbert space Ti, set 

fk,ciT)=In- 

0 <m<k 

Definition 6.1. Let TZk « SRKH and T g B{Ti). Then T is said to he k-contractive if 
supfc ||pfc(T,T*)|| < cx) and 

C := WOT - lim Pk{T,T*), 

k^oo 

exists and nonnegative, and 

SOT - lim fk,c{T) = 0. 

k^oo 

We are now ready to state the Arazy-Englis dilation result (see Corollary 3.2 in [5]). 

Theorem 6.2. Let TZk be a SRKH and T G H('H) be a k-contraction and V = TafiC. Then 
there exists an Mf-invariant closed subspace Q of TZk <8) TT such that T = PqMz\q. 
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In this case, the dilation map Vt is given by (see the equality (1.5) in [5]): 

{VTh){z) = ® chkiTYh. {h G H) 

k 

Finally, note that the statement in Theorem 4.5 can be generalized in this framework as 
follows (see Theorem 2.3 in [15]): Let "H be a Hilbert space and 5 be a closed subspace of 
TZk l-i- Then S is M^-invariant if and only if 5 = QH^{8) for some Hilbert space 8 and 
partially isometric multiplier 0 G M{H‘^{8),7lk ® V.). 

Consequently, Theorem 2.4 holds for the class of /c-contractions. 


Theorem 6.3. Let TZk be a SRKH and T G B{'H) be a k-contraction and V = ranC. Then 
there exists a Hilbert spaee 8 and a partially isometric multiplier 9 G M.{H‘^{ 8 ),Tik®T>) such 
that T = PQgM^\Qg where Qe = {JZk ®T)) Q 9H‘^{8). 


Now let TZki, f = 1,..., n, be n standard reproducing kernel Hilbert spaces over D and let 


TZk '■= Hki <8) • • • <8) Tlk„- 

Then TZk is a reproducing kernel Hilbert space (see Tomerlin [16]) and 


K{z,w) = 


Wi 


(z, w G 


i=l 


Let T be a doubly commuting tuple of operators on Ti and let Ti be a /cj-contraction, 
i = 1,... ,n. Set 

a = WOT-\im p.,km,T*), 


k^oo 


where Pi^kY, w) —)■ i = 1,... ,n. In a similar way, as in Lemma 3.1, one can prove that 

CiCj = CjCi for all i, j = 1,..., n, and 


n 

i=l 

By virtue of this observation, a doubly commuting tuple T is called iF-contractive if Tj is 
/cj-contractive for alH = 1,... ,n (see the remark at the end of Lemma 3.2). Consequently, 
all the results and proofs in this paper hold verbatim for this notion of a doubly commuting 
TF-contractive tuples as well. 
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